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Abstract 

We will discuss the asymptotic behaviour of the eigenvalues of Schrodinger op¬ 
erator with a matrix potential defined by Neumann boundary condition in L™(F), 
where F is d-dimensional rectangle and the potential is a m x m matrix with m > 2, 
d >2 , when the eigenvalues belong to the resonance domain, roughly speaking they 
lie near planes of diffraction. 
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Introduction 


In this paper, we consider the Schrodinger Operator with a matrix potential V(x) defined by 
the differential expression 


= —A^ + V(I) 


( 1 ) 


and the Neumann boundary condition 


dcf) 

'^\dF 

on 


= 0 , 


(2) 


in L^{F) where F is the d dimensional rectangle F = [0,ai] x [ 0 , 02 ] x ... x [0, dF is 
the boundary oi F, m ^ 2, d ^ 2, ^ denotes differentiation along the outward normal of the 
boundary dF, A is a diagonal m x m matrix whose diagonal elements are the scalar Laplace 
operators A = + ... + , x = {xi,X 2 , ■ ■ ■, Xd) G 1^ is a real valued symmetric 

matrix V(x) = {vij{x)),i, j = 1, 2,... , m, Vij{x) € L 2 {F), that is, V'^{x) = V{x). 

We denote the operator defined by (l)-(2) by L{V), and the eigenvalues and corresponding 
eigenfunctions of L{V) by A^r and respectively. 

We assume that the Fourier coefficients Vij.y of Vij{x) satisfy 


1 1 ^ ( 1+1 'y 1 ^*) < ( 3 ) 

for each i, j = 1,2,... ,m, I > _j_ 3 which implies 

Vij{x) = ^ Vij^u^{x)+ 0{p~P°‘), ( 4 ) 

7er+o(p“) 

where = {7 G ^ : 0 <| 7 |< p"}, p = I — d, a < p is a large parameter and 

0{p~P°‘) is a function in L 2 {F) with norm of order p~P°^. Furthermore, by ([3]), we have 


Mij 


^ ^ I '^ij'y I ) 


( 5 ) 


for all i, j = 1,2,... ,m. 
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We denote the operator defined by the differential expression m when V{x) = Vq, where 
Vq = JpV{x)dx and the boundary condition ([ 2 ]), by L(Vb). 

As in US], US], HD, we divide into two domains: Resonance and Non-resonance domains. 
In order to define these domains, let us introduce the following sets: 

Let a < Ofc = 3^a, k = 1,2,... ,d — 1 and 

= |x G : ||xp —|x -|- 6p| < 

Ri(p“i,p)= U Vbip^^), 

feGr(pp“) 

C/(p“bp) = R'^\Ri(p“Sp), 

Ekip^>=,p)= u 

7 l, 72 ,..., 7 feGr(pp“) \i=l 


where r(pp") = {5€^:0<|6|< pp“} and the intersection f] V.y^{p^'^) in Ek is taken over 

i=l 

7 i, 72 ,..., 7 fc which are linearly independent vectors and the length of 7 * is not greater than the 
length of the other vector in L P| 'jiR. The set U (p“i, p) is said to be a non-resonance domain, and 
the eigenvalue I 7 P is called a non-resonance eigenvalue if 7 G U{p°^,p). The domains I4(p"i), 
for b G r(pp") are called resonance domains and the eigenvalue I 7 P is a resonance eigenvalue if 
7 G I4(p“i)- 

As noted in m and m, the domain I 4 (p“i) \ E 2 , called a single resonance domain, has 
asymptotically full measure on Vb(p“ 0 , that is. 


p((i4(p»i)\R2)n^(g)) 

/^(Vfe(p“i)n-B(9)) 


1, as p —>■ 00 , 


where B{p) = {x G : |x|= p}, if 


2 a 2 — Oil + {d + 3)a < 1 and a 2 > 2ai, ( 6 ) 

hold. Since a < the conditions in ([ 6 |) hold. 

In [3j, the asymptotic formulas of arbitrary order for the non-resonance eigenvalues of the 
Schrodinger operator L(V) with the condition ([3|) are obtained. 
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In this paper, we obtain the asymptotic formulas for the resonance eigenvalues. The main 
result of this paper is to find connection between the eigenvalues of the Schrodinger operator 
corresponding to a single resonance domain and the eigenvalues of the Sturm-Liouville operators. 

The organization of this paper is as follows: 

In the first part of this paper, we obtained asymptotic formulas depend not only the eigen¬ 
values of the matric C'(7,7i,72 ,... ,7 a;) but also on the eigenvalues of the matrix Vq. 

In the second part, we investigated the perturbation of the eigenvalue I7P when 7 G Vs{p°‘^ )\-®2- 
We assume that 7 = (7^, 7 ^,..., 7 ^^) ^ Vef.{p°‘^) for fc = 1, 2,..., d, where ei = (^^,0,... , 0^ , 

62 = ^0, ^,..., 0^ ,..., erf = ^0,..., . This relation implies that 7^ > 3^, VA: = 1, 2,... , d. 

The case 6 = Ci, i = 1,2,... ,d was considered in [33], where a different method was used. 
Since there is no intersection between two investigated methods of the cases 6 = and 5 ^ Ci, 
i = 1, 2 ,... , d, we study them in different papers. 


1 Asymptotic Formulas for the Eigenvalues in the 
Resonance Domain 


We assume that 7 ^ 14fe(/o“^) for A: = 1, 2,..., d where ei = (^,0,..., 0), 
e 2 = ( 0 ,^, 0 ,..., 0 ),...,erf = ( 0 ,..., 0 ,^). 

k 

Let I 7 p be a resonance eigenvalue of the operator L(0), that is, 7 G (H V^^{p'^^)) \ £^a:+ 1) 

i=l 

A: = 1,2 ,..., d — 1 , 7 j 7 ^ Cj for i = 1 , 2 ,..., A: and j = 1,2,..., d — 1. 

We dehne the following sets 


.Bfc(7i, 72, ■ ■ ■, 7fc) = {& : ft = W nai,ni G Z, 


i=l 


b |< 


Bkil) = 7 + ^fc(7i,72,- • ■ ,1k) = {1 + b ■■ b e Bfc(7i,72,... ,7fc)}, 


Bk{l,Pi) = Bkii) + r(pi/9“). 
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Let hr, T = l,2,...,bk denote the vectors of bk the number of the vectors in 

Bk{'y,pi). We define the mbk x mbk matrix C = ( 7 ( 7 , 71 ,..., 7 ^) by 


where Vh^_h^, 


’ 1 /ll |2 I 

Ahi—^2 

Vhi-hb^ 



L/i 2—/li 

1 /i2 P / • • • 


5 

(7) 


^hbf.-h2 

1 h,, P / _ 



are the m 

X m matrices defined by 



Vuhr-h^ 

Vl2hr-h(^ 

'^Imhr — 

h 


V2lhr-h^ 

V22hr-h^ 

V2mhr — 

h 

(8) 

Vmlhr—h^ 

Vm2hr—h^ 

Vmmhr- 

-h - 



The analogues of the following lemma can be found in [32]. (see Theorem 3.1.1.) 

k 

Lemma 1. Let | 7 p 5e a resonance eigenvalue of the operator L(0), that is, 7 G ( f) I7; (/?"'=)) \ 

i=l 

Ek+i, k = 1,2,... ,d — 1 where | 7 Atv an eigenvalue of the operator L{V) satisfying 


AiV-|7p|<^P“^ 


(9) 


Then 


An- I iir - 7' - 7i - 72-7s 




,"fe+i 


where hr G Bk{'y,pi), - 7 / ^ Bk{'y,pi), 7 / G r(p“), 7 * G r(p"), i = 1,2,... ,s, 
s = 0 , 1 ,... ,pi - 1 . 


( 10 ) 


Proof. The relations hr G Bk{'y,pi), hr — 'y/ ^ Bk{'y,pi), 2pi > p and | 7 / |, | 71 |,..., 
I 7pi-i |< /o“ imply that 

- 7/ - 71 - 72 - ... - 7s G Bk{'y,pi) \ Bki'y) 
for s = 0,1,... ,pi — 1. To prove the inequality (fTOjl . we use the decomposition 


Os = 7 + 6 + a, 
5 






where b ^ Bk and a G r(pi/9"). So | 6 |< and | a |< pi/o". First we show that 

II 7 + 6 + a p - I 7 P|> ■^/9"'=+h (11) 

5 

To prove the inequality (llip . we consider the following cases. 

Case 1: If a G P = span{7i,72 ,... ,7 a:}) then o + 5 G P and 7 + 5 + a ^ Pfc(7) imply that 
a + 6 G P \ Pfc, that is, 

I a + 6 |> ^/52“'=+i. 

Now, if we consider the orthogonal decomposition of 7 as 7 = x + u where u G P and xJ-v, then 
by using x-a = x- b = x- v = 0 , |a + 6|> |/3 2“fc+i and | u | < , we get 

II 7 + 6 + a p — I 7 Pi = 11 X + u + 6 + a p — I X + u Pi 

= II u + 6 + a p - I u p|> 

5 


Thus for Case 1 the inequality (fTT]l is true. 

k 

Case 2: If a ^ P, then by definition of 7 G ( H V-yiip'^^)) \ Pfc+i, we have 

i=l 

II 7 + a p — I 7 p|>/ 9 "'=+C ( 12 ) 


Consider the difference 


||7 + 6 + ap-|7p|=||7 + 6 + ap-|7 + 6 p + |7 + 6p-|7p|, 


where 

=1 7 + ft + a P - I 7 + =1 7 + ft P - I 7 P- 

Since 

c^i=|7 + ft + ap-|7 + ft P=l 7 + a P - I 7 P +2a • ft, 

by the inequality (fT^ and | 2o • 6 |< 2 | o || 6 |< pi/9"/?5“fc+i ^ i^ofc+i^ 

Ml l> 
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On the other hand, using |7 + 6 + ap — I7 p=| v + b + a \‘^ 


up, and taking a = 0, we get 


f^2=|7 + &p — |7p=|^^ + &p — lup=(|'f^ + fe| — |'(^|)(|^^ + &| + |^^|) 


from which it follows that 


Then 


d2 \< 


I - I ^2 ||> 

5 


So in any case the inequality (fTT]l is true. Therefore, the inequalities Q and (fTTT) imply that 


Aat- I 7 + 6 + a P|=| An- | 7 p -|7 + & + aP + l 7 p|> 

b 


□ 

k 

Theorem 1. Let | 7 p 6 e a resonance eigenvalue of the operator L{0), that is, 7 E ( p| (/5"''))\ 

i=l 

Ek+i, k = 1,2,... ,d—l where | 7 |~ p, A* an eigenvalue of the matrix Vq, and An an eigenvalue 
of the operator L{V) satisfying 

I Atv- I 7 Pl< \p"^ (13) 

and 

|< >|> C17P”^“. (14) 


Then there exists an eigenvalue Psi'j), s = 1,2,... , mbk of the matrix C such that 


AN = X^ + Vs{l) + 0{p-^P-^--^^‘''>^). 


Proof. We give the proof by using the same consideration as in Karakihc (2004). The binding 
formula 

(A^ - \hr\^){'ltN, (15) 

for any hr E Bk{'^,pi), r = 1, 2,... , 6^ and the decomposition 

V(x)'i,,j(x) = ( VlntUhr+^flix)-,---, ^ Vmj^tUhr+^,{x)) + 0{p 'P°') 

7/Gr+o(p“) .y/gr+o(p“) 

m 

= X] Vij^,^hr+'iiAx) + 0{p~^‘^)- (16) 

i=i 7/er+o(p“) 
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give 


{An- I hr P) < 'i’N, ^hr,j >=Y1 Y1 ^hr-'r',i > +0{p (17) 

j=i 7/er+o(p“) 


We first show that 


0{pP^) = Y^ Vij^, <'^N,^hr-N,i> ( 18 ) 

i=l 'y/€r(p^) 


for any j = 1 , 2 ,... ,m. Here we remark that 7/ 7^ 0 . If it were the case, then we wonld have 
from hr — 'yf ^ Bkil^Pi) that hr ^ -Bfc(7,Pi) which is a contradiction. 

Since An satisfies the inequality (fT^ . by LemmalU we have | An— \ hr — p|> |/3"'=+h Using 

this and the decomposition (HZD for hr — 'j/ ^ Bk{'y,pi), it follows that 


^ ^ ^ ^ Vij'yi < N1 ^hT—'y/,i ^ 

i=\ 7 /er(p“) 

m m 

= 'Y X] \ r I -7 7 7771 <'I'tv, >+o(p ^"). 

i=l 7/er(p“) 7 = 1 7ier(p‘^) 

hr —1'7 Sj.( 7 ,Pi) 'tT—K7Sfc(7,Pl) 


In this manner, iterating pi times, we get 


E E Vij'yf < 'I'Ar, ^hr 

i=l 7 ^£rCp“) 

m 

E E 

i,ii,*2v,Ui=l i"’!'! ’T'2’'".'ipi er(p“) 

'iT—I' 7 Sj.( 7 .Pi) 

1177/117171 • • • 7 pj^ 7 j^_i 7 pj^ < 'kAT, - 7 pi> 7 i ^ 

{An- I /ir - 7 ' P)(AAr- I /ir - 7 ' - 7 i P) • • • (Aat- | - 7/ - 71-7pi_i P) 


+ 0 {p 


-pa\ 


Taking norm of both sides of the last equality, using Lemma [H the relation 


Mij — Y^ 111771 ^ 


00 


( 19 ) 


76? 
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and the fact that piat+i > pia 2 > pa, we obtain 


< 


< 

< 

+ 


E E 

i=l 'y/Gr(p^) 

m 

E E 

7',71,72: -'.7pi er(p“) 
hr —l"^Sfe(7.Pl) 


I Vij^l II I ••• I 11 ^ N - 7 pii*pi ^I 

I Aat- I hp - 7/ |2|| Aat- I /ip - 7/ - 7i |2| ... I Aat- I /ip - 7/ - 7i-7p^_i 

(^P I 'f^ij 7 / II '*^11171 I ••• I 't’ippipj^_i7pp 11 ^ 'I'Af; ^/ip-7/-7i- 


+ 0{p- 


7pi i*Pi 


> 


7',71 , 72 v, 7 pi Sr(p“) 
^iT—l"^Sfc( 7 .Pl) 

^ m 

i,il,i2v,*pi=l 

0(p-P“) 

0(p-P"). 


That is, the estimation (1181) holds. Therefore, the decomposition (I17|) becomes 

m 

{An- I hr p) < ^N, ^hr,j >=Y1 < ^N, $/ip-7/,i > +0(p“^“). (20) 

i=l 7/er+0(p“) 

^ip—f'6S)i,(7.Pl) 

Since /ip — 7/ G Bk{'y,pi), nsing the notation = hr — 'y/, the decomposition ([20]) can be written 
as 

m 

{An- I hr P) < Ttv, ^hr,j >=Y1 Vijhr-h^ < ^iv, ^h^,i > +0(p"P“). 

i=i hp-/ijer+o(p“) 

Isolating the terms where /ip — /ig = 0, we get 

m 

{An— I /ir p) < ^N,^hr,j > = < ^N,^hr,i > 

m 

+ ^ ^ ^ ^ Vijhr—h^ < 'I’A'') ^ 

i=l hr-h^&'{p°‘) 

+ o{p-n- ( 21 ) 

Considering the decomposition (f2T]l for an arbitrary hr G Bk{'y,pi), t = 1,2,... ,bk and for all 


-pa^ 

+o{p-n 
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j = 1,2,... ,m, we get 


(Ajv- I K \‘^)IA{N,hr) 


bk 

VoA{N, hr) + ^ Vh^_h,A{N, h^) + Oip-n, 


C = 1 


( 22 ) 


[{An- I hr P)/ - Vo]A{N, hr) = Y, Vhr-h.AiN, h^) + 0(p-^“), (23) 

«=i 


where I is an m x m identity matrix, is given by ([8]), 0{p ^“) is an m x 1 vector and 

A[N, h^) is the m x 1 vector 


A{N, h^) = (< ^'jv, ^h^,l >, < ^iV, ^h^,2 AT, >) (24) 


for any ^ = 1, 2 ,... , 6^. 

Let Xi be an eigenvalue of the matrix Vq and oji the corresponding normalized eigenvector. 
Multiplying both sides of the decomposition (|23]1 by a;*, we get 


bk 

[(Ajv- I hr P)/ - Vo]A{N, hr) ■0Ji = Y Vhr-h,A{N, h^) • Ui + 0(p-P“). (25) 

«=i 


For the left hand side of this last equality we have 


[{AN-\hr\^)I-Vo\A{N,hr)-OJi = A{N,hr)-[{AN-\hr\^)I-Vo]Ui 

= A{N, hr) ■ (Aat- I hr 1^ -Xi)iOi 
= {An- I hr p -Xi)A{N,hr) ■ oJi. (26) 


Letting XN,T,i 
that 


An— I hr P —Xi, by the equation (|26]l . we have from the decomposition (f25]l 


bk 


[XN,r,iIA{N, hr) - Y Vhr-h,A{N, h^)] ■ coi = 0{p-n- 


(27) 




Since the set of normalized eigenvectors {uji}i=i^ 2 ,...,m of the matrix Vq forms a basis for i?™’, 

bk 

for any vector XN,T,iIA{N, hr) — X) ^hr-hfA{N, h^), r = 1, 2,..., 6^ in by using Parseval’s 
relation and the equation (1271) . we have 
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2 


bk 


XN,r,iIA{N,hr)- E Vh^-hMN,h^) 


e=i 


m bk m 

= Y. I [^N,r,^IA{N, hr) - Y Vhr-h,A{N, /i^)] • oji |2= ^ | 0(p-P“) |2 . (28) 

i=l e=l i=l 


It follows from (j28p that 


bk 

XN,r,iIAiN, hr) - Y Vhr-h,A{N, h^) = 0{p-n- (29) 

5=1 

Now, considering the equation (f^ for all hr G Bk{'^,pi), r = 1, 2,..., 5^,, we obtain the system 

1,1-1 V/j]^_/j2 ■ ■ ■ h/jl— 

-142-/11 AAr,2,fi-I • • • -yh2-H^ 

— Vhi^-hi —■■■ ^N,bk,i^ 

We may write the system (f30]l as 



A{N,hi) 


1 

0 

1 

P 

_1 


A{N,h2) 

= 

0 

1 


A{NMk) 


-1 

. 1 

0 

_1 


(30) 


[{AN-Xi)I-C]A{N,h,h2,...,h,) = 0{p-n, (31) 

where I is an mbi^ x mb^ identity matrix, C is given by (I52p . A(N, /ii, / 12 , ..., hh^) is the mbk x 1 
vector 

A{N,hi,h2,...,h,) = {A{N, hi),A{N,h2),..., A{N, hj) 

and 0{p~^°^) is an mbk x 1 vector. Multiplying both sides of the equation (IHT]) by [(Aat — A*)/ — 
(7]“^, and taking norm of both sides, we get 

I A{N,huh2,...,h,) |<|| [(Aw-A4/-C]-^ III 0{p-n I . (32) 

By the estimation ()14ll . together with bk = 0(^2^“^“) we have the estimations 

I AiN, hi, h2, ..., h,) |> ci8p-“, I 0{p-n 1= 0(p-4-|34«). 
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Thus it follows from the inequality (|32p and the last estimations that 


Cl8p-'=“ <11 [(AiV - A)I - C]-1 II 

min \ An - Xi- rjsi'y) \< 

s=l,2,...,m0fe 

AN = X^ + Vsh) + 0{p-<^P-‘^-i^‘">-). 


□ 

k 

Theorem 2. Let | 7 p 6e a resonance eigenvalue of the operator L{0), that is, 7 G ( f] Vy^{p°‘'’))\ 

i=l 

Ek+i, k = 1,2,... ,d — 1 where | 7 |~ p, A* an eigenvalue of the matrix Vq, Psi'j) an eigenvalue 
of the matrix C such that \ Ps{l)— \ 7 Pl< |p“< Then there is an eigenvalue Ajv of the operator 
Liy) satisfying 

Aiv = A, + 77,(7) + (33) 

where 77,(7), s = 1,2,... ,mbk is an eigenvalue of the matrix C which is given by ([52]). 

Proof. We prove this theorem by using the same consideration as in Karakihc (2004). By 
the general perturbation theory, there is an eigenvalue Ajy of the operator L{V) such that 
I A^r— I 7 p|< holds. Thus one can use the system (fHT]l 


[(A^ - Xi)I - C]A{N, hi, /i2,..., V) = 0{p-n (34) 

of Theorem[TJ Let p,, s = 1, 2 ,..., mb^ be an eigenvalue of the matrix C and 0, = {91,6^,..., xi 

the corresponding normalized eigenvector, | 0, |= 1, where Of = (0J^, ..., 0™)mxi, n = 

1, 2,..., 5fc. Multiplying the equation (l3ll) by 0,, we get 

[(Aiv - A,)/ - C]A{N, hi, h2,..., hfej • 0, = 0{p-n • 0,. (35) 

From the left hand side of the equation (l3^ we get 
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[(A^ - A,)/ - C]A{N, 


= A{N, hi,h2,...,h,)- [(Atv - X^)I - 0% 

= A{N,hi,h2,.. ■,hbi^) ■ [(Atv - Xi)IOs - VsOs] 

= A{N,hi,h2, ..., hb^^) ■ {An - A* - r]s)6s 

= {An - Xi-r]s)A{N,hi,h2,... ,hb^^) ■ Og. (36) 


Using the equation ([5^1) in the equation ([HSI) . and taking norm of both sides, we get 


I Aat - Ai - r/JI A{N, hi,h2 ,• 6s |=| 0{p • 6*5 | . (37) 

From the right hand side of the equation (|37|) by using = 0{p^^'^°‘), we have 

I 0{p-n ■ Os |<| 0{p-n II 0, 1= Vmbk{p-P^y = = 0{p-P^+i^'^). (38) 

The equation (fH7|l and the estimation ([HS]) give 

\AN-Xi-Ps II A{NMM,---M,)-0s |=0(p-P“+33"“). (39) 

Now, we estimate | A(A7, /ii, /i2 ,..., hb^.) • |. Since 

bk m bk m 

I A{N,hi,h 2 ,.. ■,hb^^) ■ 9s 1=1 ^^91^ < >|=|< >l> (40) 

T=1 2 = 1 r=l 2=1 

to estimate | A{N, hi,h 2 , ■ ■ ■, hb^) • |, we consider the Parseval’s relation 

bk m oo bjc m 

1 = IIii'= E i< 'i^iv,EE^r4>h., >p 

T=1 2=1 ^=1 r = l 2=1 

OO bp; m 

= E I E E ^hr,i >1^ 

A^=l r=l 2=1 

bk m 

E lEE 0” < >1^ 

bk rn 

+ E IEE^-" < >1" • (^^) 

iV:|Ajv-|7p|<|p^“l 
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We give an estimation for the first summation in the last expression. 


H m 

E I E >p 

Af:|Ajv-|7PI>5P^“l r=li=l 

m 


m 


+ 

E E 

9r < 

>|2 



T:|p^-|A^|2|>ip“l *=1 




< 

2 E 1 

E 

TTL 

E«." 

< ^N,^hr,i >P 


Af:|Ajv-|7p|>lP^“l 

'r-\Vs-\hr\^\<^p°‘l 

i=l 


+ 

2 E 1 

E 

m 

ET 

< ^N,^hr,i >P 


Af:|AiV-|7p|>|p^“l 

r:|p3-|ArPI>|p“l 

i=l 



To estimate the term 

m 

Y ^ Y Y^s" <^N,^h^,i>\^ 

Af:|Aiv-|7p|>5P^“l T:|»7,-|/i,p|>ip“l *=1 

in the inequality (1421) , we consider the matrix C as C = A + B where 


A = 


■ 1 h P I 

0 


0 

^hi—h2 



, B = 

^h2—hi 

0 

yh2-hb^ 

0 

1 K P I. 


1 

O' 

?r 

1 






0 


(43) 


Let {er,i}r=i,2,...,bfe,i=i,2,...,m be a set of orthonormal vectors such that Crp • = 1 if r = ^, 

i = k, Crp ■ = 0 otherwise. Multiplying C9s = {A + B)9s by er,i, we get 


C9s • &T-^i — ■ f-rp — 9si9s ■ Ctji) — 9s9g , 


and 


{A + B) 9 s ■ er,i — 


9s ' {A + B)erp — 9s • ACrp + 9s ■ BCr^i 
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From the equality of the last two equations we have 


{r]s- I hr f)9r = 9s ■ Ber,i 


(44) 


for any r = 1, 2 ,... , 6^, i = 1,2,..., m. 

Using Bessel’s inequality, Parseval’s relation, orthogonality of the functions j(x), r = 1, 2,..., 6^, 

1 = 1,2,... ,m, the binding formula (I44|) and || B ||< M, we have 

m 

2 E I E 1:9? <^N,^hr,i>? 

Af:|Ajv-| 7 p|> 5 P^“l r-.\r,s-\hr\'^\>\p°‘i *=1 


= 2 |< W „, 

00 m 

< 2 ^|< 4 'Ar, ^ Y, 9 l^^hr,i>? 

m 

= 2 || ^ £‘'"'^'>-2 11 " 

t:|? 7 s-|/ItP|>'|p “1 

m 

= 2 'Z\97n^hr,if 

T:|r;s-|ArP|>|p“l 

m 

= 2 

T:|r;s-|ArP|>|p“l 

I 9s-Beri P 

= 2 > > I , ’ 0,0 

Vs— hr pp 

r:|r;s-|ArP|>|p“l 

^ m 

< Y1 


Pi e • P 


(45) 


Now, we estimate the term 


2 E I E 

Af:|Ajv-|7PI>5P^“l 'r:|Ps-|/irP|<|p“l *=1 
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in the inequality (1421) . The assumption 


Tls- I 7 Pl< zP' 


of the theorem together with | A^r— | 7 p|> and | | hr P|< imply that 

I Aat— I hr p|> and \\l \^ — \ hr P|< So one has 


An- I hr P An- | 7 P ^ I 

n=U 


1 I 7 i2 I i2 

1 “ I "1 I 


hr P - I 7 I 


i{E(' 


P’" + 0(p-(^+i)“i)}. (46) 


Using the binding formula ifTS]) for any hr G h?fc( 7 ,pi), | An— \ hr P|> and the decompo¬ 
sition ill), we have 


- m 

E I E^ -I h*" I < ^N,^hr,i >1 


iV:|Aiv-|7PI>|p"“l 0 


i=l 


= 2 


E 


E E«2 


Af:|Aiv-|7PI>ip2“l T:|r,,-|hrP|<ip“l *=1 


: < > 2 

An— I h-r P 


= 2 


E 


Af:|Ajv-|7PI>7P^“l T:|ps-|/lrP|<rp“l 




^ An- I 7 P 

in“l «=1 


^n=0 


7 


< ^N,V^h^^i > 2 


- ^ ^ ^ A7V-I7P 

A'':|Ajv-|7PI>'5P^“i T;|)7s-|/irP|<'|p“l *—1 

+ 2 ^ (A: + l)| ^Br<^N,V^hr,>\hr\^-\l\\2 


Af:|Ajv-|7PI>7P^“l 


•r:|)?s-|ArP|<ip“l 


^ An- I 7 p An-\ 7 

l=l 


+ 2 E (t + i)i E E 

Af:|Aiv-|7p|>|p^“l 


< TAr,U4>;,^,i > I hr P - I 7 Pifc ,2 


T:|)?s-|Arp|<|p“l *—1 

m 


+ 2 E (‘ + 1)1 E E '"P!!'rP‘”‘^ 0(Ei+i>")i 

Al:|Aiv-|7p|>fp^“l 


r:|)7s-|/iTp|<rP“l 


2|<'ln“l *=1 


An- I 7 P An- \ 7 P 

< 'ifN,V^ 

An- I 7 


We estimate 


E (^+1)1 E £hr<'i'7v,u4>;,,,2> 


AlWiv-^pl^ip^Qi r:\ris-\hr\'^\<ip°‘i *-(•- 


(I hr P - I 7 

(Ajv- I 7 P)^+' ' ’ 
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where r = 0,1, 2,... , /c and 


2 (t+i)i 5 : 


For an arbitrary r = 0,1, 2,... , /c using Bessel’s inequality, triangle inequality, 


er\<i, \\l\"-\hr\^\<^P^^ 


and the relations m and 


Mi = Mii, Mj = Mij = max Mi max Mi, 

^ ^ l<i<m l<j<m 

j=l 1=1 


we have 


TTl t \ P, 12 I 12 '\7' 


= 2 


Af:|Aiv-|7P|>ip2“l r:|p,-|/i,| 2 |<ip“l *=1 

(fe + 1) 

An- I 7 pph+i) 


(A^- I 7 17'-+' 


E 


Af:|Aiv-|7PI>ip2“l 


T:|p,-|/i,|2|<lpm i=l 


r |2 


< 


< 


^ m 

A'':|Ajv-| 7PI>5P^“1 r:|ps-|/iTP|<'|p“l ®=1 

^ m 

2(_^2ai)-27+l)(^^l) II ^ ^^.2(1 |2 _ I ^ 

r:|ps-|/iTP|< 5 P“l ®=1 


‘ h'J" mX 


< 2(-p2«l)-2h 


E E II ^s\\ hr\^-\l nv^h.,i >1 

T:|ps-|ArP|<ip“l ®=1 


= 2(tp2ai)-2(r-+l)(^^i)( ^ ^ | ||| h, \2 _ \ ^ |2|r|| ||)2 

r:|p,-|/i,p|<ip“l *=1 

< 2(tp2ai)-2(r-+l)(l^ai)2.(^^l)( ^ f; || 

t:|ps-|AtP|<'|p“1 ®=1 


h-T ,i 
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Thus 




k 


E2 E (*^ + 1) 

»'=0 Ar:|Aiv-|7p|>|p2«i 


m 

Y, Yo7<^N,v<^K,^> 

T:|r;s-|/iTp|<|p“l *=1 


(I hr ? - I 7 pr 
(Ajv- I 7 P)’’+' 


2 


(47) 


Similarly, we have 


2 E (fc + i)l E E^i^TfS^o(p-<‘+‘i«)|2 

Af:|A]v-|7P|>ip2«l r:|,7«-|/i72|<ip“l *=1 


< 


< 


< 


< 


2 E 

N-.\AN-h\^\>^P^°‘i 


(fc + 1) 

I AiV-|7PP 


E E«." 

t;|»?s-|/itP|<|p “1 *=1 

m 

Af:|Ajv-|7P|>|p2«i r:|p,-|A,|2|<ip“l *=1 

'r:|»?3-|/irP|<|p“l *=1 

- m 

2(-p2«l)-2(/, + l)( ^ ^ II >11)2 

r:|»7s-|/iTp|<|p“l *=1 

2(lp2ai)-2o(^-2(fc+lW)(^ + 1)( E E II ID'- 

r-\ris-\hr\'^\<\p°‘i *=1 


Thus 




2 E 

A'^lAjv-bPl^ip^-i 


m 


E E 

T:|r;,-|/i,|2|<lp-l i=l 


0? 


Aat- I 7 P 


(48) 
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By the inequality (jl2]) and the estimations (Ii5]l , (HTl) and (ji8]l , we have 


Oip 


-2 q:i\ _ 


bk m 

Ar:|Ajv-|7p|>5P^“l ^=1 


Therefore, from the decomposition (14111 we have 




bk m 

E I EE"" >1 

Ar:|Aiv-|7p|<^P^“i *=1 


Since the number of indexes N satisfying | Atv— | 7 P|< is less then p’^ we have 


bk rn 


1 - o(p-2“o < p"-' I>1 


r=l2=1 


which implies together with the relation (14011 that 


1 _ 0('u“^“i' 

A{N, hi, h2 ,..., V) • 0, |2> -. 


(49) 


It follows from the equation (j39p and the estimation (I49p that 


An — Aj + + 


Oip 


-P«+|3'^a'| 


„ ^ d-l ^ 

Oip 2 ) 


from which we get the result. 


□ 


2 Asymptotic Formulas for the Eigenvalues in a 
Single Resonance Domain 

Now, we investigate in detail the eigenvalues of T(V) in a single resonance domain. Namely, 
we find the relation between the eigenvalues of LiV) in a single resonance domain and the 
eigenvalues of the Sturm-Liouville operators. In order the inequalities for a < 
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2o;2 — H“ {d -\- 3)ck <C 1 


(50) 


and 


02 > 2 q;i, 


to be satisfied, we can choose a, ai and 02 as follows 


(51) 


_ 1 _ P2 _2p2 + l 

^ ^1 ’ ^1 ’ ^1 ’ 

a + p d + p d + p 

where p 2 = ~ 1 and is the integer part of the number 2 ^. 

Let 7 G Vs{p'^^) \ E 2 , S G 7 \{ei}, where 5 is minimal in its direction. Consider the following 
sets : 


Bi(h) ={b:b = n5,neZ,\b\<^p^'^^}, 
Biil) ='r + Bi{S) = {'y+ b : b £ 

Bi{'y,Pi) = .61(7)+ r(pi/j"). 


As before, denote by hg, s = 1 , 2 ,..., 61 the vectors of Si ( 7 ,^ 1 ), where 61 is the number of vectors 


in Si( 7 ,pi). Then the matrix C{p,5) 

is defined 

as; 



' 1 hi 


Vh,- 

-h2 

C( 7 ,h) = (q,) = 

Vh,- 

-hi 

1 h2 

pi 


•0 

_1 

-hi 


-h2 

Also we define the matrix D{'p,5) = 

{Cij) 

for i 

,j = 

1,2 




h, ? I 


(52) 


vectors of Si( 7 ,pi) P |{7 + nJ ; n G Z}, and ai is the number of vectors in Si( 7 ,pi) P |{7 + n5 : 
n G Z}. Clearly ai = 0{p^°‘^). 

Lemma 2. a) If ps is an eigenvalue of the matrix 0(^,5) sueh that 
\ps — \hs\‘^\ < Af for s = 1 , 2 ,..., oi , then 

\Ps - \hr\‘^\ > for Vr = ai + l,ai + 2 ,..., 61 . 


b) Ifps is an eigenvalue of the matrix C{p, 5) sueh that —|/isp| < M for s = ai + 1, ai+2,..., 61 
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then 


\r]s - \hrf\ > jor Vr = l,2,...,ai. 

Proof. First we prove 

ll^rl^ - Vs < ai, Vr>ai. (53) 

By definition, if s < ai then hg = 'j + n6, where |n(5| < + pip°‘. If r > ai then 

h,- = 7 + s'6 + a, where a G r(pi/?") \ 6R. Therefore 

\hr\‘^ — |/isp = 2 ( 7 , a) + 2 s {6, a) + 2 s ( 7 ,5) + |s dp + |ap — 2 n( 7 , d) — |ndp. 

Since 7 ^ Va{p^^), |a| < Pi/3“j we have 

|2(7,a)l>p“=-C9p2“. 

The relation 7 € Vs{p°‘^) and the inequalities for s' and n imply that 

2 s'( 7 , d) + 2 s'( 7 , a) + |ap - 2 n( 7 , d) = 0 (/ 92 " 2 +“i), 

||s dp — |ndp| < +ciop 2 " 2 +“_ 

Thus (f53]l follows from these relations, since ^02 + ai < 02 and ^02 + a < a 2 . 

The eigenvalues of D{^,S) and C{'y,6) lay in M-neighborhood of the numbers |/ifcp for k = 
1, 2,..., ai and for k = 1,2,..., 61 , respectively. The inequality ([53]) shows that one can enumerate 
the eigenvalues r]s (s = 1, 2,..., mbi) of ( 7 ( 7 , d) such that ps for s < mai lay in M-neighborhood 
of the numbers |/ifcP for k < ai and ps for s > moi lay in M-neighborhood of the numbers |/ifcp 
for k > oi-Then by (ESI), we get 

\ps - \hr\^\ > ^p^^, (54) 

for s < moi, T > ai and s > moi, r < ai. 

□ 

Theorem 3. Let 7 G Vs{p'^^) \ E 2 and I 7 I ~ p. Then, for any eigenvalue Ps{'p) of the matrix 
C{p,6) satisfying \ps — |IisPl < M, s = l, 2 ,...,ai, there exists an eigenvalue Ph(s) of the matrix 
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D{'y,S) such that 


Vs = rik{s) + 0{p 


Proof. Let rjg be an eigenvalue of C{'y,6), and 9s = {dl,9s, ...,9s^)mbixi be the corresponding 
normalized eigenvector, = 1, where Of = ■ ■ ■, 9™)mxi, t = 1,2,... ,bi. Denote by 

{er,i}i=i, 2 ,...,m be the set of eigenvectors of A{'^,5) corresponding to the r-th eigenvalue |/irP, 


where 


hi |2 I 


A = 


0 


0 


hb^ P / 


(55) 


The binding formula for C{'y,6) and ^( 7 , <5), is : 


iVs - ■ Ber,i 

for any r = 1 , 2 ,... , 61 and i = 1,2,... ,m. 


(56) 


Substituting the orthogonal decomposition Bcr^i = 


we get 


X) (-Bcr,*, eg,in equationESl 

= 1,2,... ,m 

5 = 1 . 2,....61 


{Vs |^r| )^s — ^ ^ ^ ^ {BCt^i, g ' 

k-^ = l,2,...,m fcj = 1,2,... ,m 

^=1,2,...,bi ^=1,2,...,bi 


= ^ (5e.,„eg,fc,)0fL 

= 1,2,.. .,m 

5 = 1 . 2,....61 


It is clear that, 


{BCt^i, Sg.fci) 


0 if ^ = r 

Vk\ih^—hT if f, ^ T 


this implies 


^ ^ Cg.fci) ^ ^ '^kiih^—hT 

fel=l, 2 ,...,m ki = l,2,...,m 

«=n2....,6i 5=1,...,bi 
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and thus one has 


{ris - |/lr|^) 6 'r = Vk^ih^-hr^f^ 

/ci = l,2,...,m 

€=i,...,bi 

= ^ Vk^ih^-hr^f^ + X] Vk^ih^-h-rOf"^ . (57) 

/ci = l,2,...,m /ci=l,2,...,m 

g=l,...,ai ^=ai+l,...,fei 


Now, taking any rjg G [\hs\‘^ — M, \hs\'^ + M|] , s = 1, 2,..., ai and writing the equation (l57)) for 
all hr , r = 1, 2,..., oi, we get the system of linear algebraic equations: 


{r]s - \hi\'^)el^ - Y1 

fci=l,2,...,m 

C=l,2,...,ai 

ivs - '^knh^-h2Qf 

fci=l,2,...,m 

^=1,2,...,ai 

C ^2 


[r^,-\ha,\^)er- Y. Vknh,-h.,ef^ 

fci=l,2,...,m 

C=l,2,...,ai 


Yj Vk^ih^-hiOf"^ 

Aii=l,2,...,m 

fci=l,2,...,m 

?^2 


(58) 

fci=l,2,...,m 


Using the binding formula (I56p and the relation (j54|) . we find an estimation for the right hand 
side of the above system. That is, 




fci=l,2,...,m 




6g ■ Be^ ki 

{Vs-\h\^) 


^ I I ll^sll ■ ll-^ll ■ Whm I 

S 2 ^ \Vk,ih,-hA ( |/, | 2 ) 

^=ai+l,...,fei 

<4p-^^M Y \^k^ih,-h^ 

/ci=l,2,...,m 




= 0{p-^^) 
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for Vs =1,2,..., oi. Then, the system (f58l) becomes 


(Z 1 ( 7 , < 5 ) - r,j)[elel ..., C]* = 


-OL 2 \}t 


or 


[ei,0-t, ... ,cr = (^(7,5) - 


(59) 


Using the binding formula ()56p and relation [53] we have : 


E 


iT2 I 2 


2=1,2,...,m 

r=ai+l,...,6i 


E 


2=1,2,...,m 

r=ai+l,...,6i 


E 


2=1,2,...,m 

T=ai+l,...,6i 


I ■ BeT^i .2 

(Vs - l^rP) 
(Vs - Ihrl'^y 


and thus, by Parseval’s identity we get : 


E KV = E E I" 


■)H\2 


2=l,2,...,m 


2=l,2,...,m 


2=1,2,...,m 
r=ai+l,...,bi 


> i-o(,9-2“2). 


Now, taking the norm of (I59p and using the above inequality we have : 


v/l-0(p-2»)<( ^ |9r7Ul|(D(7,<5)-,,7)-i||0(v/3:p-») 


2=l,2,...,m 

T=l,...,ai 


Thus, 


~ 1-1 x/l- 0 (p- 2 « 2 ) 

max|7ys - %(^)| > 




—q ;2 


or 


mm|7/s - r]k(s)\ = 0{y/a^p "2) = 0{p 4"2) 

where the maximum (minimum) is taken over all Pk{s) = 1,2, ..., ai. So, the result follows. □ 
Theorem 4. For any eigenvalue rjk of the matrix 11(7, 5), there exists an eigenvalue Ps(k) of the 
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matrix 0(^,5) such that 


Vs{k) = Vk + 0{p 2 “ 2 ) 


Proof. Define the matrix D'{'y,6) = (cfh) as; 


D' = 


I hi |2 / Vh,-h, 

^h2—hi 


ho P/ 


f4,o, -hi f4,o, -/l2 


0 

0 


0 

0 


^hl-hai 

^h2-hai 


hai P / 


0 

0 


0 

0 


^ai+1 

0 

0 


0 

0 

0 

0 

0 

0 


hhi-i P / 


0 

0 

0 

0 

0 

0 

hbi P I 


(60) 


Then the spectrum of the matrix -D'( 7 , S) is : 

spec{D') = spec(D)[J{|hai+iP,|hai+ 2 |^,--,|hfeP^} 

= {hi) h2) •••) hmai ) |hin+i| , I ha -1-21 ,...,|hfe]^| }. 

Let us denote by T^ = (T]., r|, T'Jf, 0, 0)mfei xi the normalized eigenvector corresponding to 
the h-th eigenvalue of the matrix D', when h = 1, 2,moi and by {er,i}i=i, 2 ,--- ,m the eigenvector 
corresponding to the r-th eigenvalue jh^P of D', when r = oi + 1, ai + 2, bi. 

Now, using the system from the previous theorem, we have 




= [{D - PsWlel . . . , C], i\hai+l\^ - ilhif - hs)0M 

= [0(p-“^),(|ha,+ip - rjs)eT^\ 


Taking the inner product of the last system by T^ , h = 1,2, using that D' is sym¬ 

metric and DTfc = w® have : 

ai ai 

ivsik)-vk)Y.9iri = (61) 

i=i 1=1 
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where by the Cauchy-Schwarz inequality one has 

ai ai ai 

i5]o(p-«)ri,i < 0(757/3-“"). 

i=i \ i=i \ i=i 


Thus, we get 

ai 

iVsik)-Vk)^0iTl = O{p-^'^^). ( 62 ) 

i=i 

So, we need to show that for any k = 1,2, there exists such that 

“1 / 1 — 1 
lE Wril = K«.w.u>l > t ^ 

j=l V 1 


For this, we consider the decomposition F^ = and the Parseval’s identity 

mbi ma\ mb\ 

l = ^|(Ffc,0,)|2 = ^|(F,,0,)|2+ ^ |(F,,0,)|2 

5=1 5=1 i=ma\-\-l 


First, let us show that 


mb\ 

Y, |(Ffc,0.)p = O(p-i“2). 

s=ma\-\-l 


( 64 ) 


Using that, F^ = ^ (F^, er,^&r,i ■, the binding formula for (7(7, 5) and A{^, S) , the relation 

r=l,...,ai 
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m and the Bessel’s inequality we obtain the estimation: 


mbi 

s=mai+l 

mbi 

E K E 

s=mai+l 2=1,2,...,m 

mbi 

E I E r?(e„,e.)p 

s=mai+l 2=1, 2 ,...,m 

r=i,...,ai 

m6i 


mbi 


I pri 12 


s=mai+l i=l, 2 ,...,m 


- |/irp| 


< 16 E E irrii0.-^e.,*i)' 

s=rr2ai +1 


2=l,2,...,m 

T=l,...,ai 


< 


m6i 

El 16 • |ai| • mp 

s=mai+l 


( 


2=1,2,...,m 

\ r=l,...,ai 

m6i 


< 16 p- 2 “ 2 |ai|-m E E \^s-Ber,i\ 

s=mai+l 


2=1,2,...,m 

T=l,...,ai 


n“2Q2 I 


< 16/7 E < 16/9 "“"laii-m 

2=l,2,...,m 

T=l,...,ai 

-2o 2 /\/r2 _ 


^ |r^*| 

2=1,2,...,m 

r=i,...,ai 


< 16|ai|mp"^“W^ = 0(/9“2"2^ 


Therefore one has 

mai 

EKrfc,0s)P = i-o(p-t“^) 

S = 1 

from which it follows that there exists Ps(k) such that (I63p holds. Dividing both sides of (I62p by 
(IHHI) we get the result 

%(fc) =rrfc + 0(p“^"2). 

□ 

Now, using the notation hg = 7 —(f)^ if s is even, hg = 7+(^^)<5 if s is odd, for s = 1, 2, ai, 
(without loss of generality assume that oi is even) and using the orthogonal decomposition for 
7 E^as 7 = /3 + (Z + v{P))6, where P £ Hs ^ {x £ R'^ : {x, 5) = 0}, I £ Z, u E [0,1) we can 
write the matrix D('y, 6) as : 

D{^,6) = \P\^I + E{j,5), 
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where E{'y, 6) is: 



{{l + v)^\6\^)l 

Vs 




V-5 

((;_1 + ^)2|5|2)j 

y-25 


E = 

Vs 


{{l + l + v)^\S\^)l ... 

^C^+1)S 


• • ... ((!-f+ t.)2|ip); J 

Denote = — ^ if /c is even, if k is odd. The system 

: k = 1,2,...} is a basis in L2[0,27r]. Let T{'y,5) = T{P{s'), fl) be the operator in £2 
corresponding to the Sturm-Liouville operator T, generated by 

-\6\‘^Y" + P{s)Y = nY (65) 

y(s'+ 27r) = 

00 / f 

where P{s) = {pij{s)) for py(s') = , and Vijn^s = {vij{x), >), 

s = {x,d). It means that T{'y,6) is the infinite matrix (j’ghDnfc+t;)* ^ ^i{i+nm+v)s k,m = 

1 , 2 ,.... 

Theorem 5. For every eigenvalue rjg of the Sturm-Liouville operator T{'y,S), there exists an 
eigenvalue fjg of the matrix E{^,5) sueh that 

?7s = % + 0{p~i°‘‘^). 

Proof. Decompose the infinite matrix T{'y, 5) as T{'y,6) = A + B, where the matrix A is defined 
by 

’ {{l + vf \6\^)I 0 

A= ^ . (66) 

0 ((l-f + v)^lSl^)l_ 

and B = T(j,S) — A. Let ps be an eigenvalue of T{'y,5), and 0^ = (0^, 0^, 0^,...) be the 
corresponding normalized eigenvector, that is TQg = r]sQs- Denote by { e„}-i = (0,0,...,l,0,...) 
the r-th eigenvector of the matrix A. Then, the corresponding r-th eigenvalue of yl is | (r' + u)(5p. 
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that is Aeri = | {t' + v)6\‘^eri, where r' = / — ^ if r is even, t' = 1 + if r is odd, for r = 1, 2,.... 
One can easily verify that 

iVs - I (r' + v)6\^)9l^ = {Qs, Beri) (67) 


and using the orthogonal decomposition Bcri = Yl ^ efcj)efcj, we get 

j=ik=i 


(7?, - |(r' + r;)5n©r = 

j=i k=i 


and since {Ber,i,ekj) = for k^T, 

m ai m OQ 

iVs “ I ('T + r')(5| )©^ — 'y ^ ^ ‘Vji(^nk—n-r)S^s^ ~ E E Vji{nk-n.r)sk^s^ ■ ( 68 ) 

j=l k=l j=l k=ai-\-l 

Now take any eigenvalue r]s of T{'y,6), satisfying \r]s — \{i' + f)(5p| < sup|P(s^)| for s = 
1, 2,..., where i' = / — | if s is even, i' = / + if s is odd. The relations 7 G Vs{p°‘^) {5 / e^) 
and 7 = /3 + (Z + v)d, {/3, 5) = 0 imply 

| 2 ( 7 , 5 ) + |< 5 | 2 | = \{l + 1 ;)| 5|2 + | 5 | 2 | < |;| < 

Therefore using the definition of i' and r', we have 

I(i' + U)5|<M + C23p“l, 

for s = 1 , 2 , ...^ and 

|(r' + u)(5| > -^^- 024 /?"', 

*^2 

for r > ai. Since |ai| > C 25 P~ and 02 > 2q;i, we have 

||(Z' + i;)(5p - |(r' + u)(5p| > C 26 p“^ (69) 

for s < ^, r > ai, which implies 

\Vs - |(r' + u)(5p| = || 7 s - \{i' + v)6\^\ - ||(t' + u)(5p| - |(i' + u)(5p|| > ci 7 p“^ 
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for s = 1, 2, , r > ai. 

Thus, 


m oo 


m oo 


m oo 

sE E 


''^ij{nk-nr)S^s^\ kii(nfc-nT)(S 

^=1 fc=aiH-l j' = l /c=aiH-l 

II ll-^ll ll^^ii 


(05, 


rjs -\{k' + u)(5|2 


m oo 


ji=l fc=ai+l 




21 —^P ^ l'f^ij(nfc-n,-)5l 

j=l fc=ai+l 

<Cl8/5■“^ 


(70) 


since ||i?|| < M. Indeed, B corresponds to the operator P :Y ^ P{s')Y in L2[0,27r], which has 
norm sup\P{s )| < M. Therefore writing the equation (f68ll for all r = 1, 2,..., ai, and using ffOll 
we get the following system 


(£;(7,<5)-r/,/)[0i,02,...,0“i] = [O(p-“2),O(p-“2),...,O(p-“2)]. (71) 


OO _ _ 

Using that, 0^ = X) the formula (1671) and (I70l) . we have 

i=l 


oo 


j=ai+l 


OO 


E 

j=ai+l 


(05, . 2 

rjs - |(t' +u)J| 2' 


0(/9-2«2) 


and thus , 

f;i0if = i-o(p-2«2). 

i=l 


Taking the norm of the vector (see (inD) 


[0i,02,...,0“i] = (U(7,J) -r/,I)-i[0(p-“^),...,0(p-“=)], 


we get 


or 


l-0(p-2“2) 


m 


= ||(U(7,<5)-7,/)-iO(V^p-“2) 
0(y^p-“2) 


min luo — rir\ = . _ 

J - 0(/5-2«2) 


= Oip 


-2«2'l 


where the minimum is taken over all eigenvalues rjr of the matrix E{^,6). Thus, the result 
follows. □ 
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Theorem 6. (Main result) For every (5 G ,\j5\ ~ p and for every eigenvalue rjs{v{l3)) of 
the Sturm-Liouville operator T{'y,6), there is an eigenvalue Tjv of the operator L(y) satisfying 

N = |/3p + Ps + Aj + 0{p 

where A* is a given eigenvalue of the matrix Vq . 

Proof. From Theorem[5]and the definition of E{'y, 6), there exists an eigenvalue rjpg) of the matrix 
D{'y, 5), where 7 has a decomposition 7 = /3 + (Z + v{l3))6, satisfying = |/3p + r/s + 

Therefore, the result follows from Theorem 0] and Theorem [2j □ 
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